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Abstract 

We show how super BF theory in any dimension can be quantized 
as a spin foam model, generalizing the situation for ordinary BF theory. 
This is a first step toward quantizing supergravity theories. We inves- 
tigate in particular 3-dimensional {p = l,q = 1) supergravity which we 
quantize exactly. We obtain a super-Ponzano-Regge model with gauge 
group 0Sp(l|2). A main motivation for our approach is the implemen- 
tation of fermionic degrees of freedom in spin foam models. Indeed, we 
propose a description of the fermionic degrees of freedom in our model. 
Complementing the path integral approach we also discuss aspects of a 
canonical quantization in the spirit of loop quantum gravity. Finally, we 
comment on 2+1-dimensional quantum supergravity and the inclusion of 
a cosmological constant. 
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1 Introduction 



Spin foam models provide a non-perturbative approach to quantum gravity 
mSE]. They can be motivated both, as a rigorous way of performing a covari- 
ant path integral quantization, and as emerging as histories in the (canonical) 
loop approach to quantum gravity. So far these approaches to quantum gravity 
have lived a largely separate life from the main perturbative approach, namely 
string theory. An obstacle to linking the two has been the fact that string 
theory presumes supersymmetry. In the spin foam context this would require 
supergroups as gauge groups, something that so far had not been realized. How- 
ever, with the recent introduction of a new formalism this limitation has been 
overcome 

We consider here the extension of the spin foam approach to the quantization 
of supergravity theories. Apart from thus building a bridge towards string 
theory this has important intrinsic motivations. Foremost this is the question 
of including matter degrees of freedom into pure gravity spin foam models. So 
far, various proposals have been made both for fermions E] and for gauge 
fields [ZllHI, but no consensus yet has emerged on how to proceed. Supergravity 
offers a new perspective at least for fermions. On the one hand the Lagrangian 
automatically contains fermions, on the other hand a superfield formulation 
allows to "hide" these in the gauge field. The quantization we propose proceeds 
by taking advantage of the superfield formulation. The generalization from 
fields to superfields can be thought of as occurring on the level of the gauge 
group, which becomes a supergroup. This allows to "mimic" the quantization 
of ordinary gravity. The resulting models then appear as a guide as to how to 
encode fermions in more general situations. 

Our main focus here is three-dimensional supergravity, where we show how 
the exact non-perturbative path integral quantization is performed. We proceed 
in analogy to ordinary gravity in three dimensions. There, using frame field 
and connection variables the Lagrangian takes the form of BF theory. This is 
quantized through a discretization of the path integral using methods of lattice 
gauge theory. The result is independent of the discretization and provides thus 
an exact quantization PJ • 

Using superfields, three-dimensional supergravity can be written in the anal- 
ogous way by employing superframe and superconnection |TI] . The gauge group 
becomes 0Sp(l|2) in the {p = l^q = 1) version of supergravity. Using the for- 
malism of circuit diagrams [3] the quantization is then analogous to that of 
gravity, but with the supergroup 0Sp(l|2) replacing SU(2). 

While our quantization of supergravity is performed using the circuit dia- 
gram formalism we also exhibit the conversion into the more conventional spin 
foam formalism. However, we note that a naive treatment of the resulting 
expressions leads to potential ambiguities. This seems to be at the origin of 
difficulties that have previously prevented the formulation of supersymmetric 
models. 

We also investigate the loop quantization of this supergravity theory, which 
is believed to provide the canonical framework corresponding to the path inte- 

^Note that it is possible in principle to handle supergroups already by adapting the for- 
malism of Barrett and Westbury in dimension three 1121 or that of Crane, Kauffmann and 
Yetter in dimension four [131 . This would be rather laborious however and has the crucial 
disadvantage that it does not generalize to higher dimensions. 
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gral defined by the spin foam partition function. This parallels the situation 
for ordinary (three-dimensional) gravity and we use super-spin networks, us- 
ing 0Sp(l|2) representations, instead of the usual spin networks, using SU(2) 
representations. Following the logic of loop quantum gravity, we introduce ge- 
ometric operators. However, the usual length operator, constructed from the 
triad, is not diagonal on the super-spin network basis, and we need to introduce 
a super-length operator, constructed from the super-triad. Then, using the re- 
lations between 0Sp(l|2) and SU(2) representations, these states of quantum 
supergravity can be understood as superpositions of pure (quantum) gravity 
states. 

Based on properties of the representation theory of 0Sp(l|2) we make a 
proposal for identifying the fermions in the spin foam. Indeed, fermions are 
associated to edges of the spin foam and the partition function can be understood 
as a sum over gravity +fermions configurations, which are defined through the 
identification of fermionic paths drawn on the spin foam. This framework for 
fermions is very similar to the loop quantum gravity point of view. Nevertheless, 
in the present context, the fermionic degrees of freedom are mixed together 
with the gravity degrees of freedom in such a way that we can see the model 
both as a gravity+fermions system or as sum over special superpositions -the 
supersymmetric ones- of pure gravity configurations. 

While we concentrate in this paper on supergravity without a cosmologi- 
cal constant, its inclusion could be achieved similarly as with gravity (see for 
example jlOl 114) 1. That is, the cosmological constant should correspond to a 
g-deformation of the gauge group, leading to a super- version of the Turaev-Viro 
model. Indeed we present elements of such a construction at the end, using the 
quantum group 0Spq(l|2). 

While we only consider supergravity in dimension three here, a crucial prop- 
erty of our approach is its extendibility to higher dimensions. This is again in 
parallel to the situation for gravity. Namely, the Lagrangian of gravity in any 
dimension may be written as that of BF theory plus a constraint This 
suggests to quantize gravity by first quantizing BF theory (which can be done 
exactly and non-perturbatively) and then implementing the constraints at the 
quantum level. This is indeed the key idea behind recent proposals for spin foam 
models of quantum gravity |I6 . Although, the focus has, for obvious reasons, 
been on dimension four the same route can be taken also in higher dimensions. 
Importantly, there are indications for corresponding relations between super- 
gravity theories and super BF theory (see for example 53). This would also 
open the way to a non-perturbative approach to M-theory via 11 dimensional 
quantum supergravity. Crucially, the quantization of super BF theory presented 
here works in any dimension. 

In Section [2l we introduce the diagrammatics necessary to define supersym- 
metric spin foam models. In Section we explain how the quantization of 
BF theory leads to spin foam models and how to include graded representa- 
tions in the scheme. We illustrate this with two versions of the Ponzano-Regge 
model: the normal one based on SU2 standard representation theory and a 
graded one obtained by assigning parities to SU2 representations (i.e. treating 
them as bosonic or fermionic depending on the spin). We define precisely each 
model and discuss the relations between the two. In Sectional we show how 
three-dimensional supergravity can be written as a (supersymmetric) BF the- 
ory. We also exhibit the representation theory of 05p(l|2) necessary for the 
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quantization. Furthermore, we discuss the canonical picture and aspects of its 
quantization. In Section we quantize three-dimensional supergravity as a 
Super-Ponzano-Regge model, we study its formulation in term of supersym- 
metric 6j-symbols and explore its geometry trying to disentangle the fermionic 
degrees of freedom from the pure gravity degrees of freedom. Finally we com- 
ment on the modifications necessary for 2 -I- 1-dimensional supergravity and for 
including a cosmological constant. 

2 Circuit diagrams 

In order to efficiently represent and manipulate the state sum models considered 
in this paper we use the formalism of circuit diagrams This is a diagrammatic 
language to represent natural intertwiners of groups, supergroups or quantum 
groups. While somewhat similar to spin network diagrams the circuit diagrams 
have crucial advantages in supergroup or quantum group settings. 

The proper definitions are somewhat technical as they use the language of 
category theory. However, we are here interested only in diagrams arising in the 
context of representations of groups and supergroups.^ The present section gives 
an introduction to circuit diagrams in this context. Furthermore, we explain 
their relation to spin network diagrams. 

2.1 Diagrams for graded representations 

A circuit diagram consists of lines, called wires and rectangular boxes, called 
cables. Each wire carries an orientation, i.e., is equipped with an arrow. It also 
carries the label of a representation. A wire can pass through cables, entering 
at the top and leaving at the bottom. Wires may have free ends, lined up on 
the top and bottom line of the diagram, but nowhere else. 

An (open) circuit diagram represents an intertwiner (i.e., an invariant map) 
between representations. Say the representations labeHng the wires ending at 
the top are Vi, . . . ,Vn and the representations labeHng the wires at the bottom 
are Wi , . . . , Wm ■ Then the diagram represents a map Vi($- ■ - (^Vn ^ W\ ® - ■ - ^ 
Wm- For wires with an arrow pointing upward the respective representation is 
replaced with its dual. 

In order to evaluate a circuit diagram it is necessary to decompose it into 
elementary diagrams. These are then pieced together horizontally and vertically 
to yield the complete diagram. Horizontal composition corresponds to taking 
the tensor product while vertical composition corresponds to composition of 
maps. 

The elementary diagrams consisting of wire only are listed in Figure Note 
that the lack of a wire ending at the top or bottom of a diagram means that one 
takes the trivial representation 1 which is identified with the complex numbers 
C. Elements of V and V* are denoted v and (f) respectively. The pairing V* ® 
V ^ C between a representation V and its dual V* is denoted by 4>(^v i-^ {4>, v). 
{vi} denotes a basis of V and {4>i\ a dual basis of V* . For the crossing diagram, 
no arrows are drawn as the specified intertwiner takes the same form for all 
axrow configurations. 

^In terms of [l] these are circuit diagrams for symmetric categories. More precisely, they 
are circuit diagrams for a category of Z2 graded objects. 
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Figure 1: Elementary diagrams and their corresponding intertwiners. 
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Figure 2: A cable diagram with n wires going through, labelled Vi to ¥„ 
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The only other elementary diagram is the cable, see Figure [2 The inter- 
twiner 

T : Vi (g, ■ ■ ■ (i)Vn ^ Vi (g, ■ ■ ■ ®V„ (1) 

it corresponds to is the projection of the tensor product representation onto its 
trivial (i.e., invariant) subrepresentation. For representations of a group G we 
can express this using the Haar measure as 

T : Di (g) • • • (g) i-> j dg gi>vi® ■ ■ ■ ® g>Vn- (2) 

Here gi>v denotes the action of 5 on z;. 

Intuitively speaking, this is also what is going on for supergroups. To give a 
rigorous definition in this case, however, requires a Hopf algebraic setting. We 
give a rough sketch of this here without going into further details. For a group 
G one can consider the Hopf algebra H of algebraic functions on G. The integral 
then becomes a map / : iJ — > C. An action of the group becomes a coaction of 
H. This is a map V ^ V ® H written as w 1-^ U(i) ® w62. (The subscript denote 
indices that are summed over.) Then the intertwiner T can be expressed as 

T : wi (g) • • • (g) w„ 1-^ (g) • • • (g) Vn{i) j ■ ■ ■ w„fi2. (3) 

This is equivalent to the expression However, it generalizes to the super- 
group case. Namely, while a group gives rise to a commutative Hopf algebra, 
a supergroup gives rise to a graded commutative Hopf superalgebra H. The 
integral is again a map / : iJ — > C and lO again defines the intertwiner T only 
with the difference that a factor 

has to be inserted to take care of the grading. 

An important property of the circuit diagrams (of the type considered here) 
is their invariance under "combinatorial isotopy".^ That is, two circuit diagrams 
evaluate to the same intertwiner as long as they are combinatorially identical. 
This means they need to be composed out of the same cables and pieces of wire, 
connected in the same way, with the same labels, arrow directions and wire end- 
ings. However, the spatial arrangement of these components may be completely 
arbitrary otherwise (except for the wire endings at the top and bottom of the 
diagram) . 

A closed circuit diagram represents an intertwiner 1-^1 from the trivial 
representation to itself, i.e., it is just a complex number. The simplest such 
diagram is obviously a single closed loop. Its value is easily computed from 
Figure m by composing two opposing arches. Regardless of the arrow direction 
the result for a representation V is'' 

^ ^(-l)l"-l = dimVb - AimVi = Sdiml/, (4) 

i i 

i.e., the superdimension. Here, Vq is the even and Vi the odd part oiV = Voffi^i- 

^Circuit diagrams for non-symmetric categories have weaker isotopy properties. This has 
the effect of placing constraints on the possible space-time dimension of spin foam models 
with quantum gauge groups j^. 

■^Note that \vi\ = \4>i\ for a graded basis and its dual. 
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2.2 The group case 



If we are dealing with a group the circuit diagram formaHsm has a simple inter- 
pretation in terms of integrals over matrix elements. Indeed the formula ^ for 
the cable when contracted with a dual basis of the representations Vi, . . . ,Vn 
is just an integral over a product of matrix elements. If the circuit diagram is 
closed, all matrix elements are contracted to characters, i.e., traces of matrix 
elements. 

Concretely, this implies the following rules for evaluating closed circuit di- 
agrams of non-graded group representations ^HI- Attach a group element and 
a direction to each cable. Associate a character with each closed loop of wire 
corresponding to the representation of the wire. This character is evaluated on 
the product of group elements associated with the cables it traverses. The prod- 
uct of group elements is built from right to left following the arrow direction 
on the wire. (The starting point is irrelevant because of the trace property.) If 
the directions on cable and wire are opposite the corresponding group element 
is replaced by its inverse. The value of the circuit diagram is the value of the 
complete expression with all group elements integrated over. 

For graded representations of a group, similar evaluation rules hold for closed 
circuit diagrams. First note that formula (01 for the cable still holds. However, 
factors of (—1) (see Figure coming from the grading have to be taken into 
account in assembling a circuit diagram. As shown in these various factors 
can be subsumed into a simple extra rule familiar from Feynman diagrams with 
fermions. Namely, the character of a fermionic representation (i.e., a fermionic 
loop) is to be weighted with a factor of (—1). Another way to look at this is as 
a replacement of the character as a trace of matrix elements by the supertrace. 

In the general supergroup case, such simplified rules for the evaluation of 
circuit diagrams no longer hold. One way to view this is as being due to the 
noncommutativity of the Hopf superalgebra of functions on the supergroup. 
This noncommutativity introduces ordering ambiguities for the matrix elements 
in the integrals. 

Besides the supergroup case, the formalism also allows the extension to quan- 
tum groups. Then, more restrictive rules apply for the handling of the diagrams 
and a full categorical interpretation is inevitable 0. We will not make use of this 
context here, but it would be the relevant one for models with a cosmological 
constant, see Section 

2.3 Relation to spin networks 

We now turn to the relation between circuit diagrams and spin network dia- 
grams. Essentially, a circuit diagram can be translated into a spin network 
diagram, but not necessarily the other way round. The expression of a circuit 
diagram in terms of spin networks is effected by a decomposition of each cable 
into a pair of spin network nodes, see Figure El 

Recall that the cable represents an intertwiner Q that projects onto the triv- 
ial subrepresentation. Decomposing this subrepresentation into one-dimensional 
subspaces indexed by k we can write 




(5) 



k 
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Figure 3: Decomposition of a cable into spin network nodes. 



in terms of new intertwiners '■ Vi ■ ■ ■ <S)Vn ^ 1 and : 1 ^ Vi (8) • • • (g) 14- 
These new intertwiners are now used to label the nodes arising in cutting the 
cable (Figure 

When working with spin networks one normally makes once-and-for-all choices 
of intertwiners to be associated with nodes for given tensor products of repre- 
sentations. In particular, the intertwiners are defined for arbitrary orientations 
of the legs of a node and symmetric under reordering of the legs. (Indeed this is 
suggested by the dot notation and familiar from the use of Feynman diagrams.) 
Unfortunately, this has the effect that the nice isotopy properties of the circuit 
diagrams are broken, in general. In other words, the value of a spin network 
diagram is not necessarily the same for all combinatorial ways of assembling its 
elements (links and nodes). This can mean that it is not well defined at all. 

For non-graded group representations the problem can be and usually is 
fixed. A clever choice of intertwiners ensures combinatorial invariance of the spin 
network diagrams. For graded representations of ordinary groups the situation 
is already more tricky (with antisymmetries entering). For supergroups the 
combinatorial invariance cannot be restored. Indeed this seems to be at the 
root of the difficulties encountered in previous efforts to define spin networks 
with supergroups and to define supersymmetric spin foam models. 



3 3-Dimensional quantum gravity: two state sums 

In this section we review the path integral quantization of three-dimensional 
gravity. First, we review classical gravity in three dimensions and its formu- 
lation BF theory. The path integral for the quantum theory, defining 
the dynamics of three-dimensional loop quantum gravity, is defined as a spin 
foam model. In this context, we start by considering the more general setting 
of BF-theory in arbitrary dimensions. Then specializing to gravity, we empha- 
size that there are two versions of the Ponzano-Regge state sum. One comes 
directly out of the quantization while the other results from considering half- 
integer representations of SU(2) as fermionic. This foreshadows aspects of the 
transition to supersymmetric models. Finally, we recall aspects of the canonical 
quantization. 
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3.1 Classical gravity 



Let us start by describing the action for classical three-dimensional gravity in a 
connection formaHsm. Let be a three dimensional manifold, the space-time. 
The Lorentzian (resp. Euclidean) theory is formulated in terms of two fields on 
M.: a 1-form uj -the connection- valued in the Lie algebra so(2, 1) (resp. so(3)) 
and a triad field e valued also in so(2, 1) (resp. so(3)). Then the action is: 



S[uj,e] 



Tr{eAF{uj)+AeAeAe) 



(6) 



M 



where F{w) is the curvature 2-form of ui and A is the cosmological constant. 
The equations of motion impose that the curvature scalar of the connection is 
equal to A (the connection is fiat when A = 0) and that the triad is compatible 
with the connection. The latter condition, d^^e = 0, is the Gauss law imposing 
invariance under SU(1,1) (resp. SU(2)) gauge transformations. Therefore, the 
theory is invariant under S0(2, 1) (resp. S0(3)) gauge transformation and under 
diffeomorphisms . 

It is then possible to formulate it as a gauge theory of the Poincare group 
|2()j . For this purpose, let us introduce the 1-form 



(7) 



where Ji are the generators of so(2, 1) (resp. so(3)) and Pi the translation 
generators satisfying the following commutation relations: 



[Ji, Jj] 



= Ae^,Jfc. 



(8) 



A is therefore valued in iso(2, 1) (resp. iso(3)) when A = 0, so(3, 1) (resp. 
so(4)) when A > (de Sitter case) and so(2, 2) (resp. so(3, 1)) when A < 
(Anti-de Sitter case): 





Euclidean 


Lorentzian 


A = 


iso(3) 


iso(2,l) 


A > 


so(4) 


so(3,l) 


A < 


so(3, 1) 


so(2,2) 



Then the gravity action can be written as a Chern-Simons theory of A: 



S[A] 



{AAdA) + -{AAAAA) 



(9) 



where (, ) is an invariant quadratic form on the (Ji, Pi) Lie algebra: 

{J,, J,) = (P„ P,-) = (J„ P,) = 77,,. (10) 

In the Euclidean A > case, using so (4) ~ 5pin(4) ~ su(2) © 5u(2), we can 
split the connection A into selfdual and antiselfdual parts A±, which are 1-form 
valued in su(2). Indeed, let us introduce the generators 



(11) 
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which satisfy the commutation relations [J^, J*] = eJ^ and [J^,J ] = 0. 
Then the 1-form A reads as 

A^uj'J, + e'Pi=A'+J++A'-J^ with A'^ ^uj' ±VAe\ (12) 

For A^, we can introduce a Chern-Simons action 



S±[A±] = J Tr,^^2) A dA± + ^A± A ^± A A±^ , 



(13) 



which we can combine to get the initial action 



S[A] = ^{S+-S^). (14) 

We can also do the same for the Lorentzian A < case where so(2, 2) splits into 
sp(2) ® sp(2) as a Lie algebra. 

Finally, one can quantize the theory as a Chern-Simons theory or as the sum 
of two Chern-Simons theories. One can also quantize as a topological BF action 
working directly on its path integral, which leads to the Ponzano-Regge-Turaev- 
Viro model, the spin foam model for 3-dimensional quantum gravity, which we 
review in the following section l3^ The link between the Turaev-Viro model 
and the Chern-Simons quantization allows to track the role of the cosmological 
constant and relate it with the quantum deformation of the SU(2) group used in 
the spin foam model. One can also canonically quantize the theory in the spirit 
of loop quantum gravity [21','22j, as explained in section lHTll It is understood to 
provide the canonical framework for the path integral defined by the Ponzano- 
Regge model, though its link with the Chern-Simons quantization is not yet 
clear. 



3.2 Quantization of BF theory 

We briefly recall in this section the quantization of BF theory via path integral 
and discretization (see for example P). We do this in terms of circuit diagrams 
on a cellular decomposition of the underlying manifold [ll l23l[T8| . 
Consider the BF action 

S[A,B] = [ tr{B/\F), (15) 

on a compact manifold AI of dimension n. Here F is the curvature 2-form of a 
connection A for a compact simple Lie group G. B is an n— 2-form with values 
in the Lie algebra of G. tr is the trace in the fundamental representation. 

As a first step to evaluate the partition function we can formally integrate 
out the i?-field in the path integral as it appears linearly in the exponential 

Zbf = J PAPS e'^I-^'-^l = J VA6{F). 

We remain with an integral over fiat connections. 

To make sense of the remaining path integral we discretize the manifold 
Af as a CW-complex. In other words, we divide it into open balls ("cells") of 
dimension n. The spaces left out we fill with open balls of dimension n — 1, 



11 



the spaces again left with open balls of dimension n — 2 etc.® This is called a 
cellular decomposition of M. 

Now what we need is the 2-skeleton of the dual complex. This means the 
following: Put into each n-cell a point, called vertex. Through each n — 1-cell 
put a line, called an edge, that connects the two vertices in the adjacent n-cells. 
Finally, for each n — 2-cell insert a surface, called a face, that is bounded by the 
edges which pierce the adjacent n — 1-cells. 

Now we discretize the connection A as in lattice gauge theory. That is, we 
associate a group valued parallel transport ge with each edge e. We then measure 
the curvature F trough the holonomies, i.e., products of parallel transports 
around the faces. The zero curvature condition becomes the condition that the 
holonomies vanish, i.e., the product of group elements around each face has to 
be the unit element. Finally, the integral over connections becomes the Haar 
measure over group elements for each edge. 

The discretized version of BF theory thus has the following partition function 

2bf- / l[dg,l[S{g,---gk). (16) 

Here gi, . . . ,gk are the group elements associated with the edges bounding the 
face /. Expanding the delta function in terms of characters of irreducible rep- 
resentations 

%)=^dimT/xy(g) (17) 

V 

and reordering products and sums we obtain 

= E ( n ^/) / n n (51 • • • 9k). m 

Vf f •' e f 

We represent the partition function diagrammatically according to the rules 
of Section l2?2l Consider one big circuit diagram embedded into the manifold and 
constructed as follows. A closed wire is put into each face along its bounding 
edges. It is labelled by the representation Vf associated with the face. A cable is 
put onto each edge and the wires passing along this edge are routed through the 
cable. This is depicted in Figure 21 We denote the value of this labeled circuit 
diagram by I?(V/). The value of Zbf is the value of 1){Vf) summed over all 
assignments of irreducible representations to faces and weighted by the product 
of the dimensions of the representations. 

For Zbf to be a good quantization of BF theory it should be independent 
of the chosen cellular decomposition. This is almost the case, except for an 
anomaly. We define the quantity^ 

K:=^(dim^^)^ (19) 

V 

^Think of a foam of soap bubbles: The interiors of the bubbles are the n-cells, the walls 
where two bubbles meet are the n — 1-cells, the lines where several such walls meet are the 
n — 2-cells etc. 

^Note that this quantity is infinite, except for finite groups or certain quantum groups. 
Nevertheless, it makes sense in the diagrammatic calculus. Also, it presumably drops out of 
any physically measurable quantity. 
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Figure 4: A piece of the circuit diagram representing the partition function of 
BF theory. Labels and arrows for wires are omitted. 



where the sum runs over all irreducible representations V. The partition func- 
tion is modified to read 

Zbf k.'^Zbf, 

where p is a function of the number of cells of different dimensions. The choice 
of p can be viewed as a renormalization problem and there are different 
ways to fix it. For definiteness we shall set^ 



P ■= -Cn 



-1 ~ C„_2, 



where Ck is the number of fc-cells. Let us point out that this is precisely the 
Euler characteristic of the 2-complex. 

The discretization independence of Zbf was proven in dimensions 3 and 4 
for simplicial decompositions in [Jij and |2l]. In dimension 3 it was extended 
to cellular decompositions in In arbitrary dimensions the proof was carried 
out in m. 



3.3 Two versions of the Ponzano-Regge model 

We now turn back to the study of general relativity in three dimensions. When 
A = 0, the gravity action is simply the BF-action II15|I with G — S0(3) and 
A = oj, B — e. Thus, the path integral quantization is given just by the 
partition function Zbf as described above. That is, it can be expressed as a 
sum over circuit diagrams embedded into a cellular decomposition of M. We 

'^Other choices (consistent with a TQFT interpretation) can be obtained by adding multi- 
ples of the Euler characteristic. A popular choice in dimension three is for example p = -co 

121 
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shall denote the partition function in this context by ZpR so that 



ZpR = 



■]^Y.{\{d\u,Vf)V{Vf) 

Vi f 



(20) 



As described in Section lOI we may decompose the cables into pairs of spin net- 
work nodes (Figure by summing over appropriate intertwiners $e associated 
with edges e. The state sum then acquires the form 



which is more familiar for spin foam models. Here, Ay are the vertex amplitudes 
that arise as the spin networks (recoupling symbols) for the vertices. Usually, a 
simplicial decomposition of M is employed so that the amplitudes Ay all take 
the form of a 6j-symbol. Furthermore, as we shall assume in the following, we 
can use the group G = SU(2) instead of SO (3). This just means that we require 
w to be a spin connection, so as to allow for the possibility of fermionic degrees 
of freedom. The corresponding state sum is known as the Ponzano-Regge model 



To be more explicit, a simplicial decomposition is a decomposition into tetra- 
hedra. As each tetrahedron has six edges this means in terms of the dual com- 
plex that each vertex v is part of six faces /. Thus there are six representation 
labels ji,...,j6 associated with each vertex. Furthermore, 2-cells are trian- 
gles and thus have three 1-cells in their boundary. Dually this means that any 
edge bounds three faces. As a consequence, there are exactly three wires going 
through each cable. For the group SU(2) (or S0(3)) a tensor product of three 
irreducible representations has an invariant subspace of dimension at most one. 
Thus, the sums ^ arising in the decomposition of the cables (Figure El have 
only one summand (or none) and we can drop the intertwiner labels <i>e in ll2T|l . 
Ay only depends on ji , . . . , jg and as a spin network it takes the form of a 
tetrahedron. Its value is the 6j-symbol and the partition function takes the well 
known explicit form 



A crucial point is that the representation of the partition function Zpr both 
in terms of circuit diagrams and in terms of recoupling symbols does not directly 
refer to the gauge group G. Instead, only the representations of G appear. This 
allows us to modify the representation structure in a way that is not induced 
by choosing a different group G. For the group SU(2) there is the standard 
choice considered so far. But there is also the choice of introducing a grading 
on representations so that half-integer representations are odd. Indeed, this is 
what the spin-statistics relation of quantum field theory requires, if the group 
SU(2) is to play the role of the covering group of the rotations in 3-space. As 
this is the case in the the Ponzano-Regge model we shall adopt this grading. 
Mathematically one might view this as choosing a "different" version SU'(2) of 
SU(2) (This also fits nicely with a categorical formulation of quantum field 
theory |2E1-) 





(22) 
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The implementation is completely straightforward in the circuit diagram 
representation of the partition function. The change is captured completely 
by the alteration of the rules for elementary diagrams according to Figure 
The cumulative effect of these modification is straightforward to evaluate fol- 
lowing the rules of Section 12.21 for graded representations of groups. Namely, 
each closed wire labelled with an odd representation acquires a factor of — 1. 
Now, each representation label Vf appears exactly twice in the circuit diagram 
representation, both originating from the expansion of the delta function II17II . 
The first occurrence is in the factor dim Vf , while the second is in the character 
XVf represented as the wire going round the face /. The former, however, is 
really also a diagram, namely a closed loop of wire. It only happens to equal the 
dimension of the representation in the context of the derivation. In the more 
general graded case it is the superdimension I^J- For the spin j representation 
of SU(2) this is (— l)^-'(2j + 1). Thus, we have two factors of —1 for each odd 
representation that cancel. This proves that the graded Ponzano-Regge model 
and the usual one agree in their partition function. The agreement between the 
two models ends, however, if we insert observables that probe the signs or if we 
include boundaries. 

To emphasize the modification we write the graded Ponzano-Regge model 

as 

Zpn = kPj2il[SdimVf)V{Vf). (23) 
Vf f 

This also exhibits another subtlety. Namely, in the definition Ijl9|l of k the 
dimension has to be replaced by the superdimension (hence the notation k). 
This is again because the proper definition of k is really as a sum over squares 
of loop diagrams. For the present model this doesn't make any difference as 
ordinary dimension and superdimension differ at most by a sign for irreducible 
representations. 

The spin foam representation for the graded Ponzano-Regge model is ob- 
tained as usual from the circuit diagram representation. Now, the modified 
rules for elementary diagrams (Figure^ have to be used. This leads (as already 
described) to a replacement of the dimension factors in Ij21|l by the superdimen- 
sion factors and to a modification of the 6j-symbols A^. In this formulation 
the equality of the partition function between the two models is less easy to 
recognize. Indeed it seems that the two versions of the Ponzano-Regge model 
have been occasionally confused in the literature. 

We shall regard the graded model Zp^ as the physical Ponzano-Regge model. 
Indeed this will turn out to be relevant in the supersymmetric setting. 

Writing down a partition function is not sufficient to define a quantum the- 
ory. Indeed, in the present case of three-dimensional gravity the quantum theory 
is really defined by extending the Ponzano-Regge model to a topological quan- 
tum field theory. This means considering manifolds with boundary. State spaces 
are associated to boundaries and the Ponzano-Regge state sum becomes a tran- 
sition amplitude between these state spaces, see e.g. QHl- We describe this in 
detail in Section 1^7^ in the more general supersymmetric case. 
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3.4 Canonical framework: Loop Quantum Gravity 



Complementary to the path integral approach, it is also interesting to study 
the canonical quantization of the BF theory formulation. This leads to three- 
dimensional loop quantum gravity, on which the reader can can find details in 
the Euclidean case in [21^ and in the Lorentzian context in [22;. 

Forgetting the cosmological constant, canonically analyzing action the 
pairs of conjugate canonical variables are made of (the space components of) the 
triad e and the connection uj. The Hamiltonian is entirely made of constraints. 
The first one, d^^e — 0, is the Gauss law imposing gauge invariance under 
SU(2) or SU(1,1)^. The second one F = can be decomposed into some 
space components generating space diffeomorphisms and a time component - 
the Hamiltonian constraint- governing the dynamics of the theory. Then one 
can choose (SU(2) or SU(1,1)) spin networks (or more precisely equivalence 
classes of spin networks under space diffeomorphisms) as partial observables^, 
which we use as kinematical states of the quantum theory. The last step is to 
study their dynamics, i.e. find the states satisfying the Hamiltonian constraint. 
At the end of the process, one should recover gauge invariant states satisfying 
the F = flatness constraint. 

In the framework of loop quantization, there are ambiguities on the imple- 
mentation of the dynamics and we do not know yet a "good choice" of quantum 
Hamiltonian constraint. It turns out that spin foams allow to adress this is- 
sue: instead of canonically quantizing the Hamiltonian constraint, we construct 
the path integral for the theory, which provides us with a projector onto phys- 
ical states solution of the Hamiltonian constraint. Indeed spin foams appear 
as histories of spin networks and spin foam models might be viewed as loop 
gravity models taking into account the dynamics. More precisely, when one 
looks at the boundary (or a two-dimensional slice) of a 2-complex (a spin foam) 
in the Ponzano-Regge model, one gets SU(2) spin networks (or SU(1, 1) spin 
networks in its Lorentzian theory). From this point of view, the Ponzano-Regge 
model appears as the space-time version or path integral formulation for three- 
dimensional loop quantum gravity. Then one can check that the Ponzano-Regge 
partition function defines a projector (in the space of the boundary states, see 
the comments at the end of Section l331l onto the F = sector and thus projects 
onto physical states of the canonical theory [T(l| . 

In the case of a cosmological constant, only the Hamiltonian constraint is 
modified, and the Turaev-Viro model (deformed Ponzano-Regge model) still 
allows to project onto states satisfying the constraints jlOj . 

*SU(1, 1) ~ SL(2, R) ~ Sp(2) is the double cover of 50(2, 1) but it is not its universal cover. 
The first order formulation of gravity uses the triad and therefore needs spinor indices provided 
by 5(7(2) in the Euclidean case and SU (1, 1) in the Lorentzian case. Moreover, representations 
of SU(1, 1) are associated a parity e = ±1 (whether there are also representations of 50(2, 1) 
or not), whereas representations of the universal cover would be labelled by a continuous 
"parity" e G [0,1]. Therefore using 5(7(1,1) to formulate a Lorentzian quantum theory leads 
to structures very similar to those of the Euclidean theory. 

^True Dirac observables should commute with all the constraints. Partial observables do 
not. Here they are quantities which are chosen to be gauge invariant (under the Gauss law) 
and diffeomorphism invariant. But the Hamiltonian constraint will act non-trivially on them, 
i.e. they have a non-trivial time evolution. That is why we call them "kinematical states". 
Then we would like to project this space of kinematical states onto physical states satisfying 
also the Hamiltonian constraints. The reader can find a discussion on the notion of partial 
observables and their use in 1271 . 
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4 3-Dimensional classical supergravity 



4.1 Lagrangian formulation 

One can extend the formulation of three-dimensional gravity, described in the 
previous section, to the supersymmetric case of supergravity. This is achieved 
in the Lorentzian Anti-de Sitter case by extending the symmetry group Sp(2) x 
Sp(2) to 0Sp(p|2) X 0Sp(g|2). These (p, (?) type AdS supergravities were in- 
troduced by Achucarro and Townsend pi]. The same procedure works in the 
Euclidean de Sitter case and we extend SU(2) x SU(2) to 0Sp£;(p|2) x 0Sp£;(q|2) 
(where the subscript E means that the bosonic part of the supergroup is 0{p) x 
SU(2) and not 0{p) x Sp(2)). 

In the present paper, we are interested in the simplest supergravity case 
{p = l,q = 1) with a 0Sp^(l|2) x 0Sp£;(l|2) supersymmetry. Using su(2) 
spinor indices A, B, .. — ± and the notation (AB) (resp. [^S]) for symmetrising 
(resp. antisymmetrising) the couple of indices AB, the superalgebra osp£;(l|2) 
reads 

[Jab,J'^°] = S^A-^B]^ 

{Qa,Qb} = Jab, (24) 
[Jab,Qc] — ^c(aQb)- 
Then, one can introduce the supertriad 

£ = e^''jAB + <t>'^QA, (25) 
and a 1-form A valued in osp£;(l|2) -the superconnection: 

A^lo^^Jab+^^^Qa, (26) 
whose curvature is defined as T = F^^ Jab + F^Qa with components 

pAB ^ F^S(a;)+V^ Ai^^, 
F-^ = d^i,^ ^di}^ (27) 

The supersymmetric BF action for supergravity then reads 

Ssugra[£,A]^ ( STr {£ h T{A) + M ^ £ ^ £) . (28) 

JM 

The equations of motion are T + A£ A £ = imposing that the curvature scalar 
is A and the super Gauss law — imposing the ordinary SU(2) gauge 
invariance and the (left-handed) supersymmetric constraint. 

Introducing the selfdual and antiselfdual components makes the osp^(l|2)® 
osp£;(l|2) symmetry explicit. Let us define 



Ai^ = lu^^±VA^ 



.AB 



e 



i^i = V^±Ai/V- (29) 

Then the supergravity theory can be expressed as the sum of two Chern-Simons 
theories on the 1-forms valued in osp£;(l|2), A^^ Jab + V'+Q^i and Aj:^ Jab + 
'^-Qa, with the two fermionic fields 4!±: 



Ssugra - 4= / Ics{AI''JaB + a) " IcsiA^^'jAB + ^^Qa) (30) 

V A Jm 
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with 



Ics{A±,ij±) = S'Tr^.p^fiia) I^A± A dA± + A A± A A± + 7/.± A dA±^^ , 

(31) 

which is the form in which the supergravity theories are introduced in fll| . 

Using this formahsm, we are going to quantize three-dimensional supergrav- 
ity as a super Ponzano-Regge model with symmetry group 0Sp£(l|2) instead 
of SU(2). This state sum model will be a topological theory based on the rep- 
resentations of the superalgebra osp£;(l|2) and, in the framework of spin foam 
models, it should implement a (discrete) path integral for gravity plus fermions 
in three dimensions. 



4.2 Representation theory of 05p£;(l|2) 

Instead of using the supergroup 0Sp£(l|2) directly we shall use the super Lie 
algebra osp£(l|2) to obtain its representations. This is technically easier and 
allows the recurse to well estabHshed results in the literature. We review these 
in the present section. 



4.2.1 Generators and action 

To study the representations of osp£;(l|2), it is useful to write the algebra as 
follows^": 

[J3,J±]=±J± [J+,J-]=2J3 

[J3,Q±] = ±\q± [J±,Q±] = [J±,Qt] = Q± 

{Q±, Q±} - ±Ij± {Qt. Q±} = (32) 

The Casimir operator is C = J* J* -I- Q+Q- — Q-Q+. The representations (22] 
are labelled by half-integer j and are made out of pairs of su(2) representations 
carrying spin j and j — 1/2: 

Ri = V^®V^-i (33) 

We call j the spin of the osp(l|2) representations, k — 1/2 the two isospins, 
and we label \ j, k, m) the vectors of a basis of using the usual notations for 



i^In terms of the su(2) generators Ji,2,3, the algebra reads 

IJ^,Qa] = MaQb {Qa,Qb} = {l^)ABJ^ = (ni)AJ^ 



where the 7; are the PauH matrices and e the antisymmetric matrix: 
(7i)f = i ^ ° M 72 = i r -M 73 = i M , . _ , 

mjA 2Vioi 2 \ 1 ) 2 \ ~1 I 1-10 
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J± 



J± 



m — 1 



m + 1 



Figure 5: Structure of the representation of osp(l|2). 



su(2). More precisely, the action of the generators in the j representations is: 



■h\i,i - 2'"^ 

J±\j,j 

Q±\j,j,m 



TO|j, j, m), 

1 /2 

((j zpm)(j ±m+ 1)) ' \j,j,m±l), 

1 1 1 

(i - 2 T + ^±m)\ - -,m± 1) 



1 



1, 



= T(iTm)^/^|j,j- -,m± -), 



(34) 



In fact, we have two levels and V^~^^^. The su(2) generators Ja^i act as 
usual on each level. Then the supersymmetric generators allow to go from one 
level to the other. The Casimir of the representation is 



C,^J J + 



(35) 



So the fermions contribution is — | on the subspace ^ R^ and 5 (i + 5) on 



4.2.2 Parity 

Due to the "anti-commuting" properties of the Q generators, we cannot define 
a simple star operator and talk about unitary representations. We need to 
introduce the parity (bosonic or fermionic) of the vectors of the representations, 
use a grade star operation and talk about grade-star representations ||22i. 

In a given representation R^ , we introduce a parity A = 0, 1 which means 
that the vectors | j, j, m. A) of have parity A (0 for bosonic and 1 for fermionic) 
and that the vectors \j,j — 1/2, to, A + 1) of V^~^^^ have parity A + 1. 

The grade star operation ^ will take into account the degree of the oper- 
ators/vectors (whether it is bosonic or fermionic). More precisely, given an 
operator A of degree a, is defined as: 

{A^ip\ip) = {-l)"^{i^\Aip) with ^ the degree of V- (36) 
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With this definition we can require the hermiticity relations: 

4 = J^ Q^+ = tQ- QI = ±Q+- (37) 
Hermiticity of the J generators imposes that 

{j,j,m,\\j,j,m',X) = g6„i,rn' 

- 5,"^-, A + l|j, j - i,TO', A + 1) = h6jn,7n', 

where h are just signs. Hermiticity of the Q generators then impHes h = 
zt{—l)^g. Finally, we have a grade star representation with a positive definite 
scalar product iS g = h, i.e. ±(—1)^ = 1 (with ± defined in Ij37|l l. 

So far every irreducible representation appears twice, once for each choice 
of parity. However, we might wish to allow only one parity to occur. Indeed, 
if the sub Lie algebra SU2 C osp(l|2) plays the physical role of (infinitesimal) 
rotations the representations must obey the spin-statistics relation of quantum 
field theory. That is, the Vj should be even or odd depending on whether j 
is integer or not. In the Hopf algebraic approach to supergroups it is actually 
possible to encode this restriction in the supergroup jlH]. There is an ordinary 
(not super but noncommutative) Hopf algebra that encodes 0Sp(l|2). This 
has representations of both parities. Then there are restricted Hopf algebras 
which allow for each irreducible representation to occur with only one parity. 
The version we consider here is called 0Sp'(l|2) in jJH].^^ We shall continue to 
pursue the super Lie algebraic point of view, but our remark ensures that the 
restriction of the parity is consistent. Technically speaking it means that we 
have a "good" category of representations. 

The implications of the restriction in parity are as follows. For j G N, 
qI = -Q- and QI = Q+ on W and, for j G N + 1/2, = Q_ and 
— —Q+ on . The superdimension of the representation is given by the 
supertrace of the identity and yields: 

Sdim(i?^') = (-1)2^' dim{V^) - {-i f^ dim{V^-^/^) = (-l)^^'. (38) 
4.2.3 Tensor products 

Let us now describe the tensor products of representations R^ . Taking into ac- 
count that R^ = (BV^~^/'^ and the recoupling theory of su(2) representations, 
we get: 

(39) 

\jl-j2\<j<{jl+32) 

where the sum over j goes by half-integer steps. Therefore, we see that the 
situation is very similar to the su(2) case with a triangular inequality on the 
representations and the only difference is that the representation j takes all 
half-integer values and not only integer steps as in the representation theory of 
su(2). As an example, we now have 

There is another subtlety which has not been sufficiently appreciated in the literature. 
OSpg(l|2) is supposed to have a bosonic subgroup SU(2) x 0(1) with 0(1) = Z2 (and this is 
indeed the case of OSp(l|2) in |28)'l. However the representation theory of osp(l[2) as consid- 
ered here does not allow for an appropriate Z2 action. This means that it really corresponds 
to some "truncated" version of OSp{l|2). Nevertheless we shall be content with this truncation 
since it is self-consistent and the bosonic subgroup SU(2) is properly contained. 
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jl + 32 + is e N ji + j2 + J3 G N + i 




Figure 6: Intertwiner P'^^^j^ ■ R?^ <S> R^^ K'^ invariant under osp(l|2): the de- 
composition on isospins (solid lines) and V-'^~^^'^ (dotted lines) in the two cases 
Jl + 32 + is e N and jl + j2 + js e N + |. 

instead of = V°®V^ Then the intertwiner Pi-'2j3 : W^®^^ 

is unique (up to normaHzation) and we can deduce the corresponding (super- 
symmetric) Clebsh-Gordan coefficients expressing the change of basis between 
the vectors \jikimi) (g) \j2k2m2) and |(ji, j2)j3^3"^3)• 

The simplest way to get the recoupHng coefficients is to work with the isospin 
decomposition = ® V^~^ and use the known su(2) Clebsh-Gordan coef- 
ficients. Then the restriction of the intertwiner of the fci = ji, = 32 isospins 
/jij2^.^ : ® V^^ ® V'^-^ is invariant under SU{2). Therefore either 

the image is V^^ or T/^^-a depending whether ji + j2 A- jz is an integer or not. 

This way, we see that they are two different situations: 

• jl + 32 + j3 e N: 

The only non- vanishing components are V^^ ® V^^ V^^ , which is the 
usual su(2) intertwiner and its supersymmetric counterparts V^'^~^ (8) 
V^i2 ^ ]/j3-^ and V^^ (g) y^^"^ V^^^^. Each of these intertwiners 
are given up to a factor by the su(2) Clebsh-Gordan coefficients. Then 
their relative normaHzation is fixed by invariance of I-'^-'^ under the su- 
persymmetric generators Q±, so that I-'^-'^j^ is unique up to an overall 
factor. One can find the expHcit expressions of the relative factors in f29:. 

• 31+32+33 e N-h i: 

The only non-vanishing components are 

its supersymmetric counterparts V^'^ ® V^^ — > V^^^^, V^^~^ ® V^^ — > 
V^^ and V^'^ ® 1/^2-2 V^^ . Once again, each of these intertwiners 
is given up to a factor by the su(2) Clebsh-Gordan coefficient and their 
relative normalization is fixed by the invariance under the supersymmetry 
generators. P^-'^j^ is then unique up to an overall normalization. 

5 3-Dimensional quantum supergravity 

5.1 A topological super Ponzano-Regge model 

As the starting point for the quantization we take the BF-type formulation of 
3-dimensional supergravity II28|I . without cosmological constant. In order to 
perform the quantization we wish to follow the same recipe as in Section 13.21 
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Superficially, everything seems to go through (cellular decomposition, paral- 
lel transports etc.), if we simply replace the group SU(2) by the supergroup 
0Sp(l|2). However, there is a problem. An expression such as Ijl6|l or Ijl8ll is 
no longer well defined since we encounter ordering ambiguities between func- 
tions on the supergroup as they no longer commute. On the other hand, the 
corresponding circuit diagram representation of the partition function is still 
well defined Furthermore, fixing the anomaly one obtains again a partition 
function that does not depend on the chosen cellular decomposition j4ll23j. 
Thus, we obtain a good quantization which we write as 

^sugra = Sdim Vf) ViVf). 

Vj f 

As before, the hats indicate that the quantities involved carry nontrivial grad- 
ings. The sum is now a sum over irreducible representations Vf of 0Sp(l|2) for 
each face /. More precisely, as explained in Section IT^ we choose only those 
representations that obey the spin-statistics relation. This means, we effectively 
restrict to the reduced supergroup 0Sp'(l|2) 28j (see Section l4!2)l . The bosonic 
theory which is extended is the graded Ponzano-Regge model ll23|l and not the 
non-graded one l|2(11l . 

In the following we shall consider the appropriate representations of osp(l|2) 
as discussed in Section ^21 (see footnote EJ- 

5.2 Decomposition into supersymmetric 6j-symbols 

It would be desirable to obtain also in the supersymmetric case a formulation 
of the model in terms of the standard spin foam language, paralleHng the usual 
formulation of the ordinary Ponzano-Regge model ll22ll . Roughly speaking, we 
wish to decompose the cables into intertwiners (Figure as in Section I301 to 
obtain a sum over products of 6j-symbols associated with the tetrahedra of a 
simpHcial decomposition. 

Superficially, the procedure seems to be the same as already sketched in 
Section 1231 There is a crucial difference, however. In contrast to the su(2) case 
the 3j-symbols for osp(l|2) that replace the cable (Figure EJ no longer have a 
purely combinatorial definition. In other words, the meaning of a 3j-symbol 
now depends on its graphical representation. Another way to say this is that 
the 3j-symbols for osp(l|2) do not enjoy the same symmetry properties (under 
moving around and exchange of legs) as the ones for su(2). This dependence 
on the graphical representation is inherited by the 6j-symbols composed of the 
3j-symbols. One might view this as causing an information loss in going to 
a description such as ll22ll . This phenomenon is well known when employing 
quantum groups. Indeed, in the case of the Ponzano-Regge model it is not 
sufficient to replace 6j-symbols with quantum 6j-symbols. There is crucial 
topological information which is not captured by a formula of the type ll22ll . 
Although it is common to write down such a formula also in the quantum group 
case it is then impHcitly understood that this is not a complete definition in 
itself. Unfortunately, this fact does not seem to be universally appreciated in 
the physics community. 

The same situation (although in a sense less severe) occurs for supergroups. 
Thus, although definitions of 6j-symbols for O0p(l|2) do exist fSUj, it would not 
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Figure 7: The projection property of the cables imphes a normahzation con- 
dition for 3j-symbols. The normahzation of the 8 net to one is vahd for all 
choices of orientations of the links. 

be sufficient to write a naive formula as lf22|l with those to get a well defined 
model. In contrast to the su(2) case additional topological information must 
be specified. It is a crucial advantage of the circuit diagram formalism that 
it does not suffer from this problem but encodes the complete information 0j. 
Thus, when splitting up cables we need to keep track of this information. In 
the following we describe this splitting in more detail. 
The procedure consists of a few steps: 

• First, we choose arrows (orientations) for each face of the dual 2-complex 
(i.e. the spin foam), allowing to distinguish a representation from its dual. 

• Then we cut each cable in two, decomposing it into pairs of 3j symbols 
following Figure El Generically, a cable would decompose into a sum of 
such pairs. But in the case of osp(l|2), as in the su(2) case, there is 
one unique intertwiner up to normalization between a tensor product of 
three irreducible representations. A cable decomposes simply into two 3j 
symbols. 

Each 3j symbol corresponds to a map ® ® W'^ C, or ®W'^ (g) 
{W^Y C etc. depending on the arrows of the edges around the cable. 
These invariant tensors can all be constructed up to normalization from 
the tensor product decomposition, defining the maps ® W'^ . 

Then, of course, there is the issue of the normalization of these 2>j sym- 
bols. A key property of the cables (which is crucial for the discretization 
independence) is that the composition of two cables is equivalent to a sin- 
gle cable (see Figure [2|l . This translates into a normalization of the 3j 
symbols such that the contraction of the two 3j symbols is equal to 1 (see 
Figuredl. Note that all the individual 3j symbols are defined with respect 
to a fixed graphical representation. 

• After having decomposed the cables associated to the edges, we gather 
and contract the 3j symbols around each vertex (i.e. tetrahedron) and 
evaluate the resulting diagram thus defining a 6j symbol. Crucially, in 
this process the rules of Section 12 apply, in particular those of Figure ^ 
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Then the partition function is the product of all these 6j symbols, together 
with the measure on the representation defined by the superdimension. 

At the end of the day, we obtain a partition function for a closed manifold 
written as 

^sugra = E(n(-1)''' ) n{6j}...y (40) 

Jf f ^ 

Note that in the process we have explicitly incorporated the topological match- 
ing information into the 6j-symbols. In particular, the 6j-symbols are not neces- 
sary defined uniformly. That is, 6j-symbols associated with different tetrahedra 
might have a priori different normaHzations, even if they are labeled with the 
same representations. Given the results of it is probable that this nonunifor- 
mity can be removed up to sign factors. While that would be clearly desirable, 
it goes beyond the scope of this paper. 

Let us point out that the weight for each representation is simply a sign 
(— l)'^-' compared to the su(2) weight of modulus {2j + 1). The supersymmetric 
partition function is thus Hkely to be less divergent than the classical Ponzano- 
Regge partition function (which needs a regularization) . 

5.3 Boundaries and TQFT 

So far we have only concerned ourselves with the partition function. For a 
full-fiedged quantum theory we need to specify states, observables etc. We 
follow here the approach of topological quantum field theory (TQFT) which is 
well established for three-dimensional quantum gravity |24lll()j . Concretely, we 
consider 3-manifolds with boundaries. State spaces are associated with these 
boundaries while linear maps between them are associated with the 3-manifolds. 
The construction for quantum supergravity proceeds essentially identically to 
the construction for quantum gravity. Nevertheless, we briefiy recall it here to 
highlight differences that arise. 

Let M be a compact three-dimensional manifold with boundary dM. We 
consider a cellular decomposition of M. This implies in particular a cellular 
decomposition of DM. Consider the dual 1-complex on dM, consisting of nodes 
(dual to 1-cells) and Hnks (dual to 0-cells). This 1-complex bounds the 2- 
complex in the interior of M that is dual to the cellular decomposition of M. 
For a given labeling of faces and edges of the 2-complex in M (in the picture 
where cables are decomposed as in Section we get an induced labeling of 
links and nodes on the boundary. In other words, we obtain a spin foam in the 
interior bounded by a spin network on the boundary jMJ- The details of this 
construction in terms of the circuit diagram formalism are described in j^. 

A given cellular decomposition C of a 2-manifold S thus yields a vector 
space -ffs,C; namely the space with basis given by all labelings of the dual 
1-complex with representations and intertwiners. If E is the boundary of a 3- 
manifold M with cellular decomposition C, the partition function Zgugra gives 
rise to a linear map i?s,c C. This map is now independent of how C 
extends the cellular decomposition C into the interior of M. Dualizing the 
vector space H^^c allows to write the linear map as C ^ fj. In particular, 
given a 3-manifold M with boundaries Si, S2 and cellular decomposition yields 
a linear map i?Si,Ci — * p^, where Ci and C2 are the induced cellular 
decompositions of the boundary components. Note that orientation reversal of 
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a 2-manifold corresponds to dualization of the associated vector space (see 0j 
for details). Thus a given 2-manifold S with cellular decomposition C defines 
a linear map Ps,c '■ H-^.c H^ c associated with the 3-manifold Ex/ where 
/ is an interval. Here C is extended arbitrarily to the interior of E x /. Note 
that Ps,c is a projector due to discretization independence in the interior (see 
[lOj for an explicit construction in the Ponzano-Regge case) . The physical state 
space associated with a 2-manifold S is defined to be i/s '■= Pt,.c{Hy.,c)- This 
is independent of the cellular decomposition C. Furthermore, Pt.,Ci{H-s:.Ci) 
and Py,,C2{Ht.,C2) ^^e naturally isomorphic by considering the 3-manifold Ex/ 
with the two different cellular decompositions Ci and C2 at the boundaries. 
The linear map between state spaces for given cellular decompositions descends 
to a linear map between the physical state spaces pM ■ H^^ . 

So far everything seems to be exactly analogous to the case of quantum 
gravity. In particular, the spin networks on the boundary used to define the 
state spaces //s are as usual graphs with nodes and links. Representations are 
associated with links and intertwiners with nodes. Only now the "group" is 
0Sp(l|2) and not SU(2). However, there is a subtlety. Namely, specifying a 
graph, representations and intertwiners is not enough to define a concrete spin 
network uniquely. There are ordering ambiguities due to the noncommutativity 
of the function algebra on 0Sp(l|2). Expressing the labelings (representations 
and intertwiners) in terms of matrix element functions it is necessary to specify 
their ordering. A change of ordering introduces factors of —1 for fermionic 
components. Of course this is not a new degree of freedom and does not affect 
the abstract definition of the spaces //s . It is rather in concrete calculations that 
this ambiguity needs to be taken into account. In the circuit diagram formalism 
this problem is coherently dealt with as the explicit graphical representation 
takes care of the ambiguities (see ^). As we shall see this issue resurfaces (as 
it should) in the discussion of the loop approach. 

The standard physical interpretation of the theory is roughly as follows. 
Consider two 2-manifolds Ei and E2 (thought of as "spacelike hypersurfaces") 
and a connecting 3-manifold M (thought of as the "time evolution"). Let ipi 
and V'2 be elements of the physical state spaces H^^ and //s^ . Then the map 
Pm ■ //si Hj:^ can be evaluated on i/ji and 1^2 yielding a complex num- 
ber. This gives a "transition amplitude" between the state ipi and the state 
There are certain problems with this interpretation however (notably to 
define a measurement process in this context). It has recently been suggested 
to consider manifolds with a connected boundary instead and giving a physical 
interpretation to amplitudes associated with state spaces on such boundaries 
[32I I33] . This implies in particular, that these boundary surfaces should be 
thought of as having "timelike components" and that amplitudes are evaluated 
on a single state. These questions, however, go beyond the framework of the 
present paper. 

5.4 Canonical quantization 

Similarly to the pure gravity situation, one can develop a loop quantization 
of supergravity, which provides a canonical framework for the super Ponzano- 
Regge spin foam model. Indeed, the (kinematical) states of a loop quantum 
supergravity will actually be the ost3(l|2) spin networks which have been iden- 
tified as boundary states of the super Ponzano-Regge model. From this point 
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of view, the spin foam model defines the space-time version, or path integral, 
for loop quantum supergravity. It allows to take into account the dynamics of 
the canonical theory and thus to define a projector onto physical states. The 
canonical framework is particularly interesting for it introduces geometrical op- 
erators such as a (super)length operator, at the kinematical level, which allow 
to probe the physical meaning of the states of the quantum theory. 

We can proceed to the canonical analysis of 3-dimensional (Euclidean de Sit- 
ter) supergravity on a three-manifold of the type 7W = R x S. Starting with 
the super BF action ll28ll . the canonical variables are the (space components 
of the) supertriad £ and the (space components of the) superconnection A, 
both valued in the superalgebra osp(l|2). These variables are conjugate and 
the Hamiltonian consists of two constraints. The first one, cZ^£ = imposes 
a vanishing (super)torsion and generates 0Sp(l|2) gauge transformations. We 
call it the super-Gauss law. The second one, T[A) = imposes flatness of 
the superconnection. It generates "topological" gauge transformations of the 
supertriad^^. It can be decomposed into three pieces, a first one generating 
space diffeomorphism (on S), a second one generating right handed supersym- 
metry transformations and a last one -the Hamiltonian constraint- generating 
the evolution in time. 

One can then "loop quantize" the theory following the same steps as for 
the usual 3-dimensional gravity theory |21l I22j . In this context, one considers 
the partial observables given by gauge invariant cylindrical functions of the 
superconnection A. A cylindrical function depends only on the holonomies of 
A along the edges of a given closed oriented graph F: 

ct>r{A)=4>{{U,[A],eeT}). 

Then one would like to impose 0Sp(l|2) gauge invariance, i.e. invariance under 
0Sp(l|2) at the vertices v of the graph F. Heuristically, following the procedures 
developed in the pure gravity case, this would read as: 

Vfc, e 0Sp(l|2), 0({fc;(^)C/e[^]fct(e),e e F}) = 0({[/,[^],e e F}), 

where s(e) and t{e) respectively denote the source and target vertices of an edge 
e G F. In fact, a function of the (super)holonomies Ue is actually defined as a 
function of the matrix elements t{Ue) of the (super)group elements. Then, one 
must be careful since these matrix elements do not commute: we must choose 
a (full) ordering of all the edges e. And the precise definition of gauge invari- 
ance will depend on the chosen convention. This is the same problem that one 
faces when dealing with quantum groups, except the ordering ambiguities only 
introduce signs in our case, which makes the whole situation (much) simpler. 

Using the Haar measure on 0Sp(l|2) [HH, one can introduce the measure 
product of c?/i on all edges e S F, which defines a natural scalar product on the 
space of square integrable cylindrical functions. A basis of the resulting Hilbert 
space is provided by the osp(l|2) super spin networks [HHISE]- These are labelled 
by a osp(l|2) representation for each edge and a osp(l|2) intertwiner for each 
vertex: |F, je,i„). Let us point that these super spin networks actually depend 
on the ordering chosen for the edges of the graph. Nevertheless, as the ordering 
defines the gauge invariance condition, it does not introduce further states in 

^^The topological transformation reads &C = dj^\ for a gauge parameter A. 



26 



our basis. Let us have a look at an example. We choose a particular ordering 
of the edges, then a spin network functional will read: 



As 0Sp(l|2) gauge invariance is imposed on the intertwiners, if one would like 
to check how it reads on the edge 1, then one needs to translate the conditions 
from the intertwiners to the matrix element t{Ui) commuting it with all the 
other t{Ue), which introduces signs each time the matrix elements have an odd 
parity. 

Piling up all these Hilbert spaces for each graph F (i.e summing over graphs 
r), one constructs a Hilbert space of 0Sp(l|2) invariant states of the super- 
connection, which can be considered as the Hilbert space of square integrable 
functions over gauge equivalence classes of (generalized) superconnections. 

One last remark on osp(l|2) spin networks is to point out that, as all W rep- 
resentations are symmetric/antisymmetric tensor products of the fundamental 
i?^/^ representation, one can decompose any super spin network into a superpo- 
sition of fundamental loops -labelled by R^^^- by splitting each W labelled edge 
into a symmetrized/antisymmetrized system of ropes, each rope corresponding 
to a R^/^ representation . 

To finish the quantization, one needs to impose the flatness constraint J- (A) = 
0. First, one gets diffeomorphism invariant states by considering equivalence 
classes of graphs under diffeomorphisms of S. Then, one would Hke to imple- 
ment the (right handed) supersymmetry constraint and the Hamiltonian con- 
straint on the resulting Hilbert space. In the present work, we are not going to 
discuss this issue directly within the canonical framework. Instead, we tackle 
this issue from the spin foam point of view: we construct the path integral for 
the theory, which, once interpreted within the canonical framework, provides 
us with a projector onto the physical Hilbert space (of states satisfying all the 
constraints). Indeed, the super Ponzano-Regge model, implementing the path 
integral of the super BF action Ij28|l . is a topological state sum whose boundary 
states (kinematical states) are actually the 05p(l|2) spin networks and which 
defines a projector on the physical states of supergravity (see Section [Ol- 

An attractive aspect of the Hilbert space of (super) spin networks is its 
geometrical interpretation. Indeed, adapting techniques of 2 -I- 1-dimensional 
loop quantum gravity just like it is possible to extend results of (3 -I- 1) 
loop quantum gravity to loop quantum supergravity [HHi super spin networks 
appear as eigenvectors of the super length operator. More precisely, the super 
length of a curve c : t £ [0, 1] ^ c(t) e S is: 



One can quantize it as an operator Lc by replacing £ by the derivative with 
respect to A (and regularizing the expression) just as the gravity case. Then 
its action is diagonal on super spin networks. The eigenvalue depends on the 
osp(l|2) representations Hving on the edges of the spin network intersected by c 
and is given by the sum of the squareroot of the Casimir of these representations: 



(j){Ui, .., Ue) = t{Ui)t{U2)--t{UE) X intertwiners. 




(41) 




(42) 
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One should be careful that this super length operators depends on both the 
metric field and the fermionic fields. It is not the simple length operator Ic- 

Ic^ I dT Jc-{T)bb{T) Trsui2) (ea(c(T)) efc(c(T))). (43) 

J[o,i] V 

Indeed, Ic is invariant under SU(2) but not under 0Sp(l|2), so that its action 
cannot be implemented on a space of 0Sp(l|2) invariant functionals. Consider- 
ing a small curve intersecting a single edge e labelled with the representations 

, Ic would be the square root of the SU(2) Casimir operator J* J* on 
and would distinguish the two isospins and V^~^/^ assigning them different 

length values + 1) and \J {j — + Then the fermionic fields con- 

tribute — i (resp. i(j + i)) to the Casimir on (resp. V^~^^^), so that the 
super length is diagonal. 

From this perspective, one can view super spin networks as supersymmetric 
superposition of (pure) geometry states given by the usual su(2) spin networks 
(labelled with su(2) representations V^). 



5.5 Identifying Fermions on the spin foam 

As the Ponzano-Regge model provides us with a path integral formulation for 
three-dimensional quantum gravity, the super Ponzano-Regge model based on 
osp(l|2) provides us with a path integral for three-dimensional quantum su- 
pergravity. In this context, it would be interesting to distinguish the gravity 
degrees of freedom from the fermionic degrees of freedom in our supersymmet- 
ric state sum model. In particular, we know that fermions five at the nodes of 
spin networks in standard loop quantum gravity J37j. However, in the present 
super Ponzano-Regge model the fermionic field is taken into account in the 
holonomies of the super connection A and therefore in the representations (of 
osp(l|2)) living on the links of the super spin networks. It would be enlightening 
to reformulate the super Ponzano-Regge model with "fermions" at the nodes in 
such a way as to make the link with the usual loop quantum gravity formalism. 

In the following, we propose such a picture in which we can identify objects 
similar to fermion worldlines on the spin foam. It looks like some fermions 
propagating on some gravity background and therefore the super Ponzano-Regge 
model appears as a path integral for gravity plus fermions. Nevertheless, we do 
not prove that the proposed picture is "right", in the sense that the paths 
drawn on the spin foam truly correspond to the fermionic degrees of freedom. 
To verify this conjecture one would have to to study a continuum limit (through 
asymptotics of the supersymmetric 6j-symbols), or a semi-classical limit, and 
we postpone this analysis to future work. 

Let us start by summarizing the geometrical structure of the (super) Ponzano- 
Regge model. It is usually formulated on a simplicial triangulation of a three- 
dimensional manifold: we work with tetrahedra glued along common triangles. 
We can extend this to a generic cellular decomposition made of 0-cells (points), 
1-cells (lines), 2-cells and 3-cells. In the spin foam context, we consider the dual 
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Figure 8: Tetrahedron and its boundary spin network. 



structures: 
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edges 
faces 
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triangulation 



3 — cells 
2 - cells 
1 — cells 
- cells 



so that vertices are linked by edges corresponding to the 3-cells glued along 
2-cells. Usually, we consider only the dual 2-complex, meaning that we forget 
about the last line of the above correspondence, "losing" the notion of dual 
volumes (and therefore of points in the triangulation) . 

Now, in the state sum model, we attach (super) group representations to 
the 1-cells of the triangulation and intertwiners to the 2-cells (intertwining the 
representations living on its boundary edges). In the spin foam setting, repre- 
sentations are attached to faces and intertwiners live on the edges (intertwining 
the representations of the faces incident on a given edge). This way, taking a 
generic slice of the spin foam, we obtain a graph with representations on its 
links (cut faces) and intertwiners at its nodes (cut edges), i.e. a spin network. 

Now the amplitude of a spin foam configuration is the product of amplitudes 
assigned to each vertex (3-cell) multiplied with weights associated to the edges 
(2-cells) and faces (1-cells). The weight of a face is the (super) dimension of 
the representation. The amplitude of a vertex is given by the evaluation of its 
boundary spin network. More precisely, we consider the 3-cell around a vertex. 
Its boundary is a sphere (consisting of several 2-cells). The intersections of 
the sphere with the faces around the vertex form a (super) spin network (on 
the sphere). This boundary spin network can also be seen as the 1-skeleton 
of the dual complex of the boundary of the 3-cell. In the case of a simplicial 
decomposition, the 3-cells are the tetrahedra and the boundary spin networks 
can be identified with the 6j-symbols (see Figure |H||. 

In the following, we will restrict our analysis to 3-valent spin networks, i.e. 
the 2-cells of the triangulation are all triangles. As it is straightforward to 
decompose an n-valent intertwiner into 3-valent intertwiners (the same way 
that a generic polygon can be decomposed into internal triangles), the whole 
construction will be easily extended to the generic case. 
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Let us forget about sign ambiguities for the moment and analyze the struc- 
ture of osp(l|2) spin networks. Comparing to the Ponzano-Regge model, we 
expect pure gravity degrees of freedom to be encoded in su(2) structures. It is 
then natural to decompose each osp(l|2) representation into its 5u(2) isospins. 
Applying this decomposition to an osp(l|2) spin network, we must distinguish 
two types of osp(l|2) intertwiners: 

(i) Intertwiners intertwining representations , , R^^ with ji + + 

e N, in which case there exists a component intertwining between the 
isospins V^^ , V^^ , V^^ ; 

(ii) Intertwiners intertwining representations , , with ji + j2 + is G 
N + ^, in which case there doesn't exist any su(2) intertwiner between 

V^^ and V^^. 

It appears natural to call an intertwiner of the type a bosonic intertwiner, or 
boson, and an intertwiner of the type (|n|| a fermionic intertwiner, or fermion. 

To analyze the structure of an osp(l|2) spin network, let us introduce a 
graphical convention for the su(2) spin networks resulting from the decomposi- 
tion of the osp(l|2) spin network: soHd and dotted lines corresponding respec- 
tively to upper and lower isospins, or V^~^ , of the original representation. 

Proposition 5.1. Considering a 3-valent osp(l|2) spin network, it contains an 
even number of fermionic intertwiners (fermions) and of bosonic intertwiners 
(bosons). Decomposing each osp(l|2) representation into its two 5u{2) isospins, 
an upper one and a lower one, the osp(l|2) spin network appears as a sum of 
su(2) spin networks, which we draw with solid and dotted links corresponding to 
upper and lower su(2) representations. Then, in each of the resulting su(2) spin 
networks, dotted links form lines on the spin network linking the fermions: the 
set of dotted lines can be partitioned into lines between pairs of fermions (each 
fermion being linked to a single other fermion) and closed loops. 

Let us first point out that a 3-valent graph has an even number of nodes^^. 
The key point of the proof is that there is an even number (0 or 2) of dotted lines 
at a bosonic intertwiner and an odd number (1 or 3) at a fermionic intertwiner 
(as drawn in Figure Then, from the point of view of the dotted lines, we 
can forget the solid lines and the bosonic intertwiners, and only consider the 
graph made of the dotted Hnks and the fermionic intertwiners, which we call 
the dotted graph. 

Among these fermionic intertwiners, there are some which are attached to 
only one dotted line. Such a fermion /i is linked directly to another fermion 
/2 through that dotted line. Thus, we can put aside that couple of fermions, 
/i and /2, and that dotted Hne. The dotted graph left after removing these 
two fermions is still a graph of the same type, since /2 had either one attached 
dotted link (the one linking it to /i) or three dotted links in which case /2 
becomes a bivalent node on the dotted graph and we can forget it. After having 
removed all such fermions, either there are none left and the dotted graph is 
a set of loops, or we are left with a 3-valent graph, which we call the reduced 
dotted graph. 

^^If E is the number of links of the graph and V its number of nodes then 2E = SV . 
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Figure 9: Decomposition of the tetrahedral net with two fermionic intertwiners 
on su(2) spin networks with soHd/dotted Unes for upper/lower su(2) isospins 
(the dots mean summing over the symmetric situations). One sees that the 
dotted Unks form a path between the two fermions, plus possibly a loop. Also, 
one notices, in the case of the diagram 5 for example, that the choice path/loop 
is not unique and that one can even forget the loop and consider a single long 
dotted line linking the two fermions. 

Then any 3-valent graph has an even number of nodes and it is moreover 
possible to show by induction that we can decompose it into Hues connecting 
pairs of vertices and (closed) loops. 

Let us point out that the decomposition of the dotted lines -linking pairs 
of fermions- and loops is not unique at all. Therefore, there is a choice of 
"interpretation" in the choice of which fermion is linked to which other one. 
We illustrate these considerations with the example of the tetrahedron net (6j- 
symbol) in Figure El and Figure ITfll 

Now, let us come back to the spin foam model. An osp(l|2) spin foam is 
labelled by osp(l|2) representations on its faces, and the intertwiners live on its 
edges, which are then either bosonic or fermionic. The amplitude of a given 
osp(l|2) spin foam is the product of the boundary spin networks corresponding 
to its 3-cells/dual vertices. Each of these boundary spin networks is the sum 
of many su(2) spin networks on which are drawn loops and lines linking each 
fermionic intertwiner to another one. Let us emphasize that each edge corre- 
sponds to a cable that we cut into two osp(l|2) intertwiners which are the same 
(up to some sign conventions), so that both are fermionic or both are bosonic. 
This property is inherited by the su(2) intertwiners, drawn with soHd and dotted 
lines, when decomposing the osp(l|2) representations into su(2) isospins. 

The resulting space-time picture is that we have fermions propagating on 
the edges of the spin foam and meeting at the vertices. Each term of the sum 
describes what happens at the vertices (fermion scattering,. . . ) and therefore 
can be understood as a Feynman diagram for fermions drawn on the geometrical 
skeleton of the spin foam. At the level of the amplitude, the full amplitude is 
the sum of the amplitudes of su(2) spin foams on which are drawn fermionic 
loops and lines. 

On the triangulation, intertwiners live on the triangles, which are thus 
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Figure 10: Decomposition of the tetrahedral net with four fermions: The dotted 
links form two lines, each one linking two fermions together. In the diagrams 
1,2,3, it is straightforward to see which fermion is Hnked with which other. In 
the diagrams 4,5, the situation is more complicated and it is just a question of 
interpretation to decide which fermionic intertwiner is linked with which other 
one, i.e. which fermion goes where. 

fermionic or bosonic. Then, each term of the boundary spin network of a given 
3-cell tells one which fermion (fermionic triangle) goes where. And one can 
build a sequence of triangles by following a given fermionic triangle through 
every 3-cell, simply the path of a fermion. 

Through this construction, we have identified fermionic degrees of freedom 
attached to the intertwiners, which matches with the canonical loop quantum 
gravity picture. Moreover, we have interpreted the super Ponzano-Regge model 
as providing a path integral for gravity+fermions, in which the space-time is 
described as fermions propagating on a "background" geometry described with 
the usual 5u(2) representations of the Ponzano-Regge model. Let us point out 
that it is not simply a background geometry since the fermions modify the 
geometrical properties -the length of curves for example- along their path. 

To sum up, given a triangulated three-dimensional manifold A, one labels its 
1-cells with osp(l|2) representations and assigns an amplitude to each configura- 
tion (consistent labelling under the recoupling theory of osp(l|2)). Then the full 
super Ponzano-Regge partition function for A is the sum of these amplitudes 
over all configurations. Considering a given term (fixed osp(l|2) labels), decom- 
posing each osp(l|2) representations into su(2) representations, the amplitude 
appears like a (supersymmetric) superposition of pure gravity /geometry space- 
time states/configurations defined by su(2) edge labels like in the Ponzano- 
Regge model. This superposition of gravity states can also be interpreted as 
one pure gravity state plus gravity states with propagating fermions. 

This can be written as a decompositions of the partition function for a fixed 
closed triangulated manifold A: 

Z{A)= J2 Z^SPR){^,J)= E E c(J,i)Z(,,(2))(A,i). (44) 

■^08^(112) ^p»|)(l|2) iau(2)^'' 

Z^sPR) is the super Ponzano-Regge amplitude for specified colorings Josp(i|2)- 
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When we decompose osp(l|2) representations into su(2) isospins, this ampH- 
tude reads as a sum of su(2) terms, with c(J, j) some normalization coefficients 
(such that the sum is supersymmetric). Each term ^(5^(2)) (^j j) is a product 
of 6j-symbols of su(2) and the coefficients c( J, j) can be considered as part of 
the measure for the sum. Then, using our graphical notation with solid/dotted 
lines, we can identify the fermions, living on triangles, and the fermionic lines 
corresponding to each term c( J, (A, j) and it turns out that a term is 

non-vanishing iff the fermionic lines form loops on the spin foam. Therefore, 
one could swap the sums on osp(l|2) and su(2) labels in the partition function. 
This means first summing on su(2) representation labels and then on the possi- 
ble consistent ways of embedding them into osp(l|2) representations, i.e. over 
consistent choices of solid / dotted lines in the evaluation of the 3-cell boundary 
spin networks. These consistent configurations will then be defined by all pos- 
sible sets of (closed) loops, the fermionic paths, drawn on the spin foam. Let us 
emphasize that the sum over su(2) is a generaHsed one: we do not sum over one 
representation label j for each face of the spin foam (like in the Ponzano-Regge 
model) but we sum over couples of labels -j and j — i- for each face and allow 
different labels -j or j — i- around a single face, one for each adjacent vertex 
(equivalently, at the level of the triangulation, a representation j is attached to a 
1-cell and we sum over assignements of j or j — i to each 3-cell adjacent to that 
1-cell). Then, when A has boundaries, one must first check which boundary 
nodes are fermionic and then the "loops" must also include lines drawn between 
pairs of boundary fermions. At the end of the day, the partition function looks 
like a sum over gravity configurations and fermion paths drawn on the spin 
foam, or equivalently gravity+fermions Feynman diagrams. 

Finally, we emphasize that the whole construction is just a "nice" picture 
for the moment and that we have not provided a proof that the fermionic inter- 
twiners are truly physical fermions and that the dotted lines are truly fermion 
paths. It is true that this interpretation seems natural from the point of view 
of the representation theory and that it leads to an interesting understanding of 
the partition function as a sum over coupled gravity+fermions configurations. 
Nevertheless, only a semi-classical analysis or the study of a continuum limit 
could settle the issue and prove the picture right or wrong. 



5.6 Including a cosmological constant: f/q(osp(l|2)) spin 
foams 

In spin foam models for quantum gravity, quantum deforming the gauge group 
has two uses. On the one hand, it regularizes the state sum by making finite 
the sum over representations. On the other hand, it is supposed to take into 
account a positive cosmological constant. In the case of the Ponzano-Regge 
model, quantum deforming SU(2) into SUg(2) leads to the Turaev-Viro model 
|24j . Choosing q — e~ to be a root of unity reduces the number of inequivalent 
irreducible representations to be finite with a spin cutoff j < [N — 2)/2: Having 
finite sums makes the Turaev-Viro model well-defined. Let us recall the q- 
dimensions of the representations, which enter the state sum instead of the 
ordinary dimensions: 

qi+h-^i-h sin((2j + l)f) 
qdnii(j) = 1 1 — = ^-nF\ f 2j + 1- (45) 



33 



Moreover, it has been shown that the cosmological constant A is Hnked with 
the parameter q through N\/X — 27r. Mathematically, this comes from the 
reformulation of three-dimensional quantum gravity as the sum of two SU(2) 
Chern-Simons theories. More precisely, the partition function of the Turaev- 
Viro model, as the quantization of BF theory with cosmological constant, ap- 
pears to be the squared absolute value of the Chern-Simons amplitude (with 
level A^) PHI. On a more empirical level, it can be seen from the asymptotics of 
the quantum 6j-symbols which turns out to be the cosine of the Regge action 
for (discretized) gravity with cosmological constant. 

In this context, it is very appealing to q-deform the super Ponzano- Regge 
model writing a "super Turaev-Viro" model based on the quantum group ?7g(osp(l|2)). 
This is a very simple quantum (super)group. Just like for all the C/q(osp(l|2n)), 
there exists an invariant Haar measure and a Peter- Weyl decomposition [39lli(1| . 
Tensor products of irreducible representations are totally reducible, so that one 
can straightforwardly write a corresponding topological model using the usual 
techniques to deal with quantum groups. In particular, the circuit diagram 
formaHsm generalizes to this setting 0]. 

Then, iov q = an A^th root of the unity, there is once again a finite 
number of irreducible representations W'"^ labelled by half-integers < j < 
(A^— l)/2 and a parity ±. Choosing, as we did for osp(l|2), the parity to be the 
physical one (i.e. to obey the spin-statistics relation) their q-superdimension is: 



q+l COS(^) q^l 

(46) 

Therefore, in this setting, sums over representations are finite and the resulting 
state sum is well-defined. For more details on the representation theory and 
more particularly on the tensor products of representations, we refer to |39[l4()j . 

Paralleling the situation for gravity, three-dimensional (Euclidean de Sit- 
ter) supergravity can be formulated as the sum of two 0Sp(l|2) Chern-Simons 
theories, as explained in Section 14.11 Thus, its quantization should yield the 
quantum group J7<j(osp(l|2)) with q related to the cosmological constant as 
above. Furthermore, the relation between quantized Chern-Simons theory and 
the Turaev-Viro model is the same for super (quantum) groups as for ordinary 
(quantum) groups. Thus, the super Turaev-Viro model should indeed encode 
the quantization of the supersymmetric theory with cosmological constant. It 
would be very interesting to work out the asymptotics of the super quantum 
6j-symbols to check the relation g ^ A on a semi-classical level. 

Let us point out a weakness in the link between the q-deformation and 
the cosmological constant: the g-deformation does not appear naturally in the 
loop quantum gravity setting. Indeed, the "kinematical states" of quantum 
gravity are SU(2) spin networks and the cosmological constant A appears only 
in the Hamiltonian constraint governing the dynamics. The same occurs for 
supergravity. Through the q-deformation of the Ponzano-Regge model into 
Turaev-Viro model, it seems that, at the spin foam level, the g-deformation 
allows to take into account properly the dynamics implied by the cosmological 
constant. We expect the same situation in supergravity. Still, it would be very 
interesting to study how the q K relation could appear in the canonical loop 
gravity framework, both in the gravity case and in the supergravity case. 
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5.7 Towards a Lorentzian model: osp^(l|2) spin foams 

Up to now, we have dealt with the Euclidean Ponzano-Regge model correspond- 
ing to a quantization of Euclidean (or Riemannian) gravity. We can also study 
the Lorentzian version [ill B2j quantizing 2 + 1-dimensional gravity and extend 
to a supersymmetric Lorentzian Ponzano-Regge model which would be a state 
sum for Anti-de Sitter supergravity in 2 -I- 1 dimensions. 

Let us start by describing the Lorentzian Ponzano-Regge model. As the 
gauge group (in the connection formalism) of 2-t- 1-dimensional gravity is SO (2, 1) 
instead of S0(3), we build a model invariant under SU(1, 1) instead of under 
SU(2). It uses the unitary irreducible representations of su(l, 1), which are infi- 
nite dimensional. These representations are of two kinds (restricting ourselves to 
the principal representations, appearing in the Plancherel formula for su(l, 1)): 
a continuous series and two discrete series, one negative and one positive. The 
representation spaces are similar to the su(2) case, with a basis \m) labelled 
by half- integers. The representations of the continuous series have a basis la- 
belled by all m € Z (or m e Z -|- 1/2 depending on their parity) whereas the 
representations of the discrete series are in a way complementary to the su(2) 
representations and have a basis spanned by a bounded label, m > j (for the 
positive representation i))) or by to < —j (for the negative series). The 

difference between su(2) and su(l, 1) can be understood on the Lie algebra level 
as arising from a difference in the hermiticity conditions: For J± defined in II32II . 
su(2) is characterized by jj_ = Jzp whereas su(l, 1) is defined by jj_ = —Jzp (for 
more details, see for example |22]1. 

Then, these su(l, 1) representations label the edges of the triangulation (or 
the faces of the spin foam) and have a clear geometric interpretation: the rep- 
resentations of the continuous series correspond to space-like edges and the 
representations of the positive (resp. negative) discrete series to future (resp. 
past) oriented time- like edges. Following jlj], one can then write a topological 
model based on the whole category of continuous and discrete representations. 
However, one can also build a "restricted" topological model using solely the 
positive discrete series (because this set of representations is closed under ten- 
sor product). This "restricted" model is particularly interesting for it contains 
only oriented time-like representations (corresponding to time-like edges) and is 
interpreted using time-like boundaries'^. 

Now, we would like to build a supersymmetric Lorentzian Ponzano-Regge 
model. Following section ^ it would correspond classically to Anti-de Sitter 
(Lorentzian) gravity, using the gauge group 0Sp^(l|2), the supersymmetric ex- 
tension of SU(1, 1), instead of 0Sp^(l|2). We would only extend supersymmet- 
rically the (positive) discrete series of representations and give a supersymmetric 
version of the restricted Lorentzian model. Its natural interpretation would be 
with time-like boundaries and fermions on these time-like boundaries. 

Mimicking the representation theory of osp£;(l|2) (choosing weights m > j 
instead of |to| < j and rotating by i the generators J±), we find representations 

of osp^(l|2) which are sums of two (unitary, infinite dimensional) represen- 

^■'in the framework of the restricted model, there is a natural light cone structure on the 
spin foam. Indeed, considering a point in the triangulated manifold, the set of its future events 
is given by all points linked to it by a sequence of future oriented edges. In this context, one 
can easily identify the double cones (or diamonds) and study the corresponding observables. 
This brings the model close to the framework of algebraic quantum field theory. 
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tations, and V^~i , of su(l,l). Each V'^ representation can be written in 
a basis similar to the su(2) case \k,m), but with weights m > k. The explicit 
action of the generators is: 



1 



, m 



J±\j,j - 

1 



Q+\j,j 



Q-\j,j -2'^' 



m\3,j - 2'™)' 

(m(m±l)-j(i + l))'/' |i,j,m±l), 



m(TO± 1) - {] - + 



1/2 



-i{m + 



1 



1, 



1 

-- I m • 



1/2 



(47) 



The commutation relations are: 

[J3,J±]=±J± 

[J±,Q±] = o 



1 



[J3,Q±]=±2^± 



[J+,J_] 



-2J3 

-iQ± 



{Q±,Q±} = T2^± 



{Qt.Q±}= 2"^3- 



(48) 



The "hermiticity" relations are = J3, jj_ = Jq; and Q\_ = ±Q-, QI_ = 
TQ+, the sign reflecting the parity assigned to the representation just as in the 
osp£;(l|2) case. 

The (3-valent) intertwiners can be defined through the decomposition of the 
tensor product of two representations. In the su(l, 1) case, it reads as: 



i>j+k 



(49) 



where I goes by integer steps. The condition I > j + k is the anti-triangular 
inequalities for a triangle with only timehke edges. We get the same structures 
for the supersymmetric extension: 



l>]+k 



(50) 



where I now goes through all half-integer values. 

We are not going to describe the details of explicitly constructing the Lorentzian 
super-Ponzano-Regge model. Just as for the Lorentzian Ponzano-Regge model, 
we would need to tackle the difficulties linked with the use of a non-compact 
group and infinite dimensional representations. This is beyond the scope of 
the present paper. Nevertheless, we already see by the similarity of the repre- 
sentation theories that all the considerations made for the Euclidean case will 
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translate to the Lorentzian case: we can also distinguish fermionic and bosonic 
intertwiners in the Lorentzian model and a Lorentzian super-Ponzano-Regge 
state sum will have a natural interpretation as a spin foam model with fermions 
on timelike boundaries. 

6 Conclusions and Outlook 

We have presented a general diagrammatic formalism to deal with supersym- 
metric spin foam models. It is on the one hand a special case of the formalism 
presented in ^ and on the other hand an extension to the graded case of the 
connection formulation of spin foam models. Using the formulation of three- 
dimensional supergravity as a topological BF theory with an 0Sp(l|2) gauge 
group, we have defined a super-Ponzano-Regge model, a discretized path integral 
for quantum supergravity. The model, extension of the original Ponzano-Regge 
model, is naturally independent of the discretization. We have described the 
extension of the model to a topological quantum field theory, thus providing a 
description of all the elemets of the quantum theory of supergravity in dimension 
three. We have also studied aspects of canonical loop quantum supergravity, ex- 
pressed its kinematical states as super spin networks and considered its relation 
to our super-Ponzano-Regge model. 

Since supergravity contains fermionic degrees of freedom, we have consid- 
ered the problem of identifying these in the super-Ponzano-Regge model. It 
turned out that osp(l|2) intertwiners are of two kinds, which we tentatively 
called "bosonic" and "fermionic". Starting with this assumption, we can iden- 
tify (closed) fermion paths on the spin foam. We can also write the partition 
function of the supersymmetric model as a sum over (supersymmetric) superpo- 
sitions of pure gravity /geometry states, which we suggest to interpret as a sum 
over gravity configurations plus fermion paths drawn onto some background 
geometry (defined by a pure gravity state). 

We would need to study in more details how to extend the present procedures 
to the Lorentzian case, therefore studying (Anti-de Sitter) Lorentzian quantum 
supergravity in 2-1-1 dimensions. The (restricted) osp^(l|2) model, using solely 
time-like representations, describes time-Hke boundaries with fermions on these 
boundaries. One should define properly this model, but also see if one could 
extend supersymmetrically the continuous series of representations of su(l, 1) 
in order to include space-Hke edges in the model. 

It could be also interesting to look at theories with higher supersymmetries, 
e.g. invariant under 0Sp(p|2) x OSp((7|2) UJ^. As long as the theory can be 
defined as a kind of BF theory there does not seem to be any obstacle. 

One of the most intriguing further directions is certainly the generaHzation 
to higher dimensions. We have performed the quantization of super BF theory 
in any dimension. The interesting question is thus how (and which) supergravity 
theories can be described as constraint super BF theories. The approach would 
then be as in popular models of four-dimensional quantum gravity (for reviews, 
see jSlini)- Namely, one tries to implement the constraints directly in the quan- 
tized theory, turning quantum super BF theory into quantum supergravity. A 
deHcate issue in this context is to understand how to write supergravities as 
gauge theories of supersymmetically extended Lorentz groups when supersym- 
metry is an extension of the Poincare group. (There is also the problem of giving 
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a Poincare invariant formulation for even dimensional theories.) It looks as if 
this direction might finally allow for a connection between spin foam quantum 
gravity and superstring theory. If feasible, this could provide the starting point 
for an approach to M-theory that is both manifestly background inependent and 
non-perturbative. 

Many aspects of the present work need further investigation. For instance, 
one should check the asymptotics of the supersymmetric 6j/-symbols and see 
if one can recover a Regge action for gravity +fermions. Extending this to the 
context of a cosmological constant, one should compute the 6j -symbol for the 
q-deformed 0Sp^(l|2) and also compute its asymptotics in order to check the 
relation between q and the cosmological constant A. 

The super-Ponzano-Regge model as well as the higher dimensional quantum 
super BF theories provide invariants of manifolds that are potentially new. They 
might be related to the Casson invariant as is suggested by Witten's description 
of such a relation for similar supersymmetric theories However, at present 
this issue is not clear to us. 
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A Partition Functions for the Ponzano- Regge model 

A.l The original model: the graded partition function 

We define the Racah symbol as a recoupling coefficient (with Aj — 2j + 1 the 
dimension of the j-representation of su(2)): 



Kil, {h,j3)j23)j) = 



+J2+33+J J Jl J'^ 

js j j23 



which leads to the expression in terms of the Clebsh-Gordan coefficients 
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with sign = ji + j2 + js + j. Then using the (Biedenharn-Elliot) identity 
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with sign = g + h + j + e + a + d + e' + a' + d' + x, and the corresponding 1 4 
identity, one can easily show that the following model is topological: 



{j} edges triang tetra 



A. 2 The standard ungraded model 

One can use the Wigner 3j-symbols: 



(51) 
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to define the 6j-symbol: 

= E™..(-i)^'^" 
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with the sign = j4+j5+je + m4+m5 + m,Q due to using the dual representation 
for j4, is, ie- The partition function for the Ponzano-Regge model is then simply: 



{j} edges tetra 



(52) 



If one writes the partition function for a closed 3-manifold made out of two 
identical tetrahedra glued together, one can check that 



so the difference boils down to a difference in signs. 



(53) 
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